Observation of cooling neutron stars can potentially provide information about the states of matter at supernuclear densities. We review physical properties important for cooling such as neutrino emission processes and superfluidity in the stellar interior, surface envelopes of light elements due to accretion of matter and strong surface magnetic fields. The neutrino processes include the modified Urca process, and the direct Urca process for nucleons and exotic states of matter such as a pion condensate, kaon condensate, or quark matter. The dependence of theoretical cooling curves on physical input and observations of thermal radiation from isolated neutron stars are described. The comparison of observation and theory leads to a unified interpretation in terms of three characteristic types of neutron stars: high-mass stars which cool primarily by some version of the direct Urca process; low-mass stars, which cool via slower processes; and medium-mass stars, which have an intermediate behavior. The related problem of thermal states of transiently accreting neutron stars with deep crustal burning of accreted matter is discussed in connection with observations of soft X-ray transients.
INTRODUCTION
Neutron stars are the most compact stars in the Universe. They have masses M ∼ 1.4 M ⊙ and radii R ∼ 10 km, and they contain matter at supernuclear densities in their cores. Our knowledge of neutron star interiors is still uncertain and, in particular, the composition and equation of state of matter at supernuclear densities in neutron star cores cannot be predicted with confidence. Microscopic calculations are model dependent and give a range of possible equations of state (e.g., Haensel 2003) , from stiff to soft ones, with different compositions of the inner cores (nucleons, pion or kaon condensates, hyperons, quarks).
One of the strong incentives for studying the thermal evolution of neutron stars is the promise that, by confronting observation and theory, one may learn about matter in the stellar interior. The foundation of the theory of neutron star cooling was laid by Tsuruta & Cameron (1966) . The development of the theory was reviewed in the 1990s, e.g., by Pethick (1992) , Page (1998a, b) , Tsuruta (1998) , and Yakovlev et al. (1999) . The latter authors presented also a historical review covering earlier studies. Some recent results have been summarized by Yakovlev et al. (2002b Yakovlev et al. ( , 2004a . In this paper we shall discuss the current state of the cooling theory and compare it with observations of thermal radiation from isolated neutron stars. We shall also outline the related problem of accreting neutron stars and its application to the quiescent radiation from soft X-ray transients. We shall describe mainly results that have been obtained since the middle of 1990s. The emphasis in this review is on discussing the dependence of the cooling behavior of neutron stars on physical properties of the matter and comparing the results with observation, rather than giving a detailed account of the results of microscopic theory.
OBSERVATIONS
Let us begin by describing observations of thermal radiation from isolated neutron stars -cooling neutron stars which are not reheated by accretion. The detection of the thermal radiation is a complicated problem. Active processes in magnetospheres of young pulsars (with ages t ∼ 1000 yrs) result in strong non-thermal emission which obscures the thermal radiation. Old pulsars (t > ∼ 10 6 ) may have hot polar spots due to the pulsar activity, and the radiation from these spots may be stronger than the thermal radiation from the rest of the stellar surface, which is colder. This complicates the extraction of the thermal radiation component from the observed spectra.
As a result of these difficulties, thermal radiation has been reliably detected only from several isolated middle-aged neutron stars (t ∼ 10 4 − 10 6 yrs), where it appears to be an appreciable fraction of the total radiation. The main parameters of these stars (rotation period P , distance D, and surface magnetic field B) are listed in Table 1 ; ages t and effective surface temperatures T s are presented in Table 2 and Fig. 1 and discussed below. The surface temperatures are T s ∼ (0.5− 1) × 10 6 K. Thus, the thermal radiation is emitted mainly in soft X-rays, which can be detected by orbital X-ray observatories. The first X-ray observatories of such a type were Einstein (1978) (1979) (1980) (1981) and EXOSAT (1983 EXOSAT ( -1986 . A very important contribution to observations of cooling neutron stars was made by the ROSAT observatory (1990) (1991) (1992) (1993) (1994) (1995) (1996) (1997) (1998) . A new era began in 1999 with the launching of Chandra and XMM-Newton, new X-ray observatories of outstanding capability. The Rayleigh-Jeans tail of the thermal emission from some isolated neutron stars has been observed in the optical with ground-based telescopes.
To compare the observations with theory, we need mainly the neutron star effective temperatures T s and ages t. Because neutron stars are compact, the effects of general relativity must be taken into account (see, e.g., Shapiro & Teukolsky 1983 , Thorne 1977 . To be specific, we shall denote the gravitational mass of the star by M and its circumferential radius by R; T s will denote the effective temperature and L γ = 4πR 2 σT 4 s the thermal photon luminosity in the local reference frame of the star. Here σ is the Stefan-Boltzmann constant. The apparent (redshifted) effective temperature T ∞ s and luminosity L ∞ γ , as detected by a distant observer, are
where r g = 2GM/c 2 ≈ 2.95 M/M ⊙ km is the Schwarzschild radius. One often introduces the apparent radius R ∞ = R/ 1 − r g /R which the observer would see if the telescope could resolve the star. The surface temperature distribution of a magnetized star is nonuniform, and for this case we shall introduce the mean effective temperature defined byT 4 s = L γ /(4πR 2 σ), where L γ is the total thermal luminosity.
The values of T s are obtained by fitting the observed spectra with theoretical models. The model spectra usually include thermal and non-thermal components. The thermal component is described (e.g., either by a black-body spectrum or by a spectrum provided by a neutron star atmosphere model (with or without a magnetic field). The atmosphere models studied theoretically in greatest detail are those composed of hydrogen. The depth from which a photon emerges from a hydrogen atmosphere increases noticeably with photon energy due to the strong energy dependence of radiative opacities. Thus, more energetic photons emerge from deeper (and hotter) layers and make the spectra harder than the black-body one, for the same T s (i.e., for the same thermal flux σT 4 s ). The values of T s inferred from hydrogen atmosphere models are typically about one half of those inferred using a black-body spectrum. Iron atmosphere models give spectra whose gross behavior is close to the black-body spectrum, but with spectral lines in addition. Theoretical atmosphere models are still far from perfect, especially for cool stars (T s much below 10 6 K) and for stars with strong magnetic fields (B > ∼ 10 12 G), because of the problems of ionization equilibrium and spectral opacities in the cool and/or strongly magnetized atmospheric plasma.
The parameters used for fitting observed spectra are: T s , R, the surface gravity g (and hence, the stellar mass M , which is completely determined by R and g), and the surface chemical composition. One can also add at least two parameters for the non-thermal radiation component (described commonly by a power-law spectrum and specified by an intensity and a power-law index). One should, in addition, specify the distance to the star and correct the theoretical spectrum for interstellar absorption, i.e., specify the column density of interstellar hydrogen. The distances and column densities can be highly uncertain. In such cases, they too are treated as free parameters. Thus, the fitting contains many parameters. Some of them are determined from the fitting procedure with large errors. To reduce the errors, one often fixes certain parameters, for instance M and R. In some cases, one needs to introduce a second thermal (black-body) radiation component characterized by its own effective surface temperature T s1 and radius R 1 . One usually finds T s1 > T s and R 1 < R, in which case the second component has a natural interpretation as thermal emission from a hot spot on the stellar surface associated with the pulsar activity and not related to the thermal radiation emerging from the interior of the star. Stellar ages may also be rather uncertain. All in all, the observational data in Tables 1 and 2 represent the current state of the art. It has been a challenge to obtain them, but they are still not very precise.
Isolated (cooling) neutron stars do not constitute a homogeneous class of objects. The two youngest objects, PSR J0205+6449 and the famous Crab pulsar (PSR B0531+21), are radio pulsars in historical supernova remnants. The next two objects, RX J0822-4300 and 1E 1207.4-5209 (=J1210-5226), are radio-quiet neutron stars in the supernova remnants Puppis A and G296.5+10.0 (=PKS et al. (2003) a) Inferred using a hydrogen atmosphere model b) Inferred using the black-body spectrum 1209-51/52). They belong to the class of radio silent compact central objects (CCOs) in supernova remnants. CCOs have recently been reviewed by Pavlov et al. (2002b) and Pavlov & Zavlin (2003) . 1E 1207.4-5209 is the first isolated neutron star found to exhibit pronounced spectral features (spectral lines) in its radiation spectrum (Sanwal et al. 2002) , although the interpretation of these features seems ambiguous. The next member of the list, the Vela pulsar (PSR Vela Figure 1 : Observations of surface temperatures and upper bounds for several isolated neutron stars. The solid line is the basic theoretical cooling curve of a nonsuperfluid neutron star with M = 1.3 M ⊙ (Sect. 5.2).
B0833-45), is almost as famous as the Crab pulsar. Among other objects, there are three neutron stars -PSR B1706-44, the Geminga pulsar (PSR B0633+1748), and PSR B1055-52 -which have been observed as radio pulsars. The properties of the radiation of two of them, Geminga and PSR B1055-52, and of another source, PSR B0656+14 (not included in our analysis as explained below), are so similar that J. Trümper has dubbed them the three musketeers. The other two sources in Tables 1 and 2 , RX J1856.4-3754 and RX J0720.4-3125, are radiosilent, nearby, dim, isolated neutron stars observed in the optical band, UV and X-rays. The properties of dim objects have been reviewed by Pavlov & Zavlin (2003) .
The rotation periods P have been measured (Table 1) for all the sources but RX J1856.4-3754 in various spectral bands (particularly, in the radio for radio pulsars and in X-rays); the measured (or estimated) time derivativesṖ show a familiar neutron star spindown. The magnetic fields B on neutron star surfaces have been determined in the standard way from P andṖ . Numerous attempts to detect the rotation of RX J1856.4-3754 by observing periodic variations of the radiation have failed.
The distances D to the neutron stars in supernova remnants (PSR J0205+6449, Crab, RX J0822-4300, 1E 1207.4-5209) are the estimated distances to the remnants. The distances to the Vela pulsar (Caraveo et al. 2001 , Dodson et al. 2003 , Geminga (Caraveo et al. 1996) , and RX J1856.4-3754 (Walter & Lattimer 2002) are reliably known from parallax measurements. In all other cases except RX J0720.4-3125, D has been determined by standard methods of radio astronomy and, consequently, the uncertainty may be large. We take the distance to RX J0720.4-3125 from Motch et al. (2003) as estimated by fitting the observed spectrum with a neutron star atmosphere model (see below).
The ages (Table 2) of PSR J0205+6449 and the Crab pulsar are the well known ages of the historical supernovae. For RX J0822-43, we take the estimated age t = 2 − 5 kyr of the host supernova remnant (as can be deduced, e.g., from a discussion in Arendt et al. 1991) , with a central value of t = 3.7 kyr (Winkler et al. 1988) . For 1E 1207.4-5209 (as in Yakovlev et al. 2004a) , we adopt the age range from the standard age of the associated supernova remnant ∼ 7 kyr to a value four times longer. For Vela, we take the age interval from the standard spindown age t c to the age estimated by Lyne et al. (1996) taking into account variations ofṖ due to Vela's glitches. The age of RX J1856.4-3754 has been revised recently by Walter & Lattimer (2002) from the analysis of star's proper motion; the error bar is chosen to distinguish clearly the revised value from the previous one. The ages of other neutron stars are the characteristic pulsar spindown ages t c assuming an uncertainty of a factor of 2. In particular, we takeṖ for RX J0720.4-3125 from the recent measurements of Kaplan et al. (2002) .
Finally, effective surface temperatures T ∞ s in Table 2 are especially delicate. Unfortunately, no thermal radiation has been detected from the youngest objects, PSR J0205+6449 and the Crab pulsar, since their thermal emission is obscured by a strong non-thermal one. Nevertheless, upper limits on T ∞ s for these objects have been obtained by Slane et al. (2002) and Weisskopf et al. (2004) .
The surface temperatures of RX J0822-4300 and 1E 1207.4-5209 in Table 2 are taken from Zavlin et al. (1999 Zavlin et al. ( , 1998 . They have been obtained with the aid of hydrogen atmosphere models. Such results are more consistent with other data and theoretical predictions (with estimated distances to the sources, interstellar hydrogen column densities, theoretical neutron star radii) than are results based on the black-body spectrum. Recently the values of T ∞ s for these and some other isolated neutron stars have been revised, for instance, by Pavlov et al. (2002b) and Pavlov & Zavlin (2003) . The revised values are in line with the previous ones but they are presented by the authors without error bars. Accordingly, we prefer to use the previous values given with the estimated uncertainties.
The surface temperatures of the Vela pulsar and PSR B1706-44 are taken from Pavlov et al. (2001) and McGowan et al. (2004) , respectively. Again they have been inferred using hydrogen atmosphere models. The surface temperature of PSR B1706-44 is much less certain because the source is more distant, but the value may be improved in the future.
The values of T ∞ s for two musketeers -Geminga and PSR B1055-52 -are taken, respectively, from Halpern & Wang (1997) and Pavlov (2003) , who obtained them with the black-body model, which seems more appropriate for these sources. The values of T ∞ s for PSR B1055-52 have been reported without error bars, but in Fig. 1 we include, somewhat arbitrarily, 10% uncertainties in T ∞ s . Let us remark also on the third musketeer, PSR B0656+14. Recent parallax measurements for this pulsar by Brisken et al. (2003) have yielded the distance D ≈ 290 pc, noticeably smaller than accepted before. Multiwavelength observations of the source have been reported most recently, e.g., by Zavlin & Palvov (2004) . It is difficult to properly extract thermal luminosity emitted from the entire neutron star surface using either black-body or hydrogen atmosphere spectra. Thus, we do not include PSR B0656+14 in our analysis.
The surface temperature of RX J1856.4-3754 is still poorly determined. The thermal X-ray component is well fitted by the black-body spectrum, but its extrapolation to the optical band (the Rayleigh-Jeans tail) strongly underestimates the observed optical flux. It is possible that the star has a hot spot (or spots) whose radiation contaminates the emission from the rest of the surface, which is cooler. Generally, the temperature distribution over the surface may be nonuniform and the true average surface temperature is poorly determined. The nondetection of pulsed emission may be due to unfavorable orientations of radiation beams and/or due to strong gravitational lensing, which may smear out the anisotropy of the radiation. For definiteness, we have taken a model nonuniform temperature distribution suggested by Pavlov & Zavlin (2003) to fit the observations. We have calculated the appropriate average surface temperature, determined by the total photon luminosity (see above), to be T ∞ s ≈ 0.5 MK. We propose to treat this value as an upper limit on T ∞ s . Such a limit does not contradict other estimates of T ∞ s for this source (e.g., Pons et al. 2002 , Braje & Romani 2002 .
The surface temperature of the last source, RX J0720.4-3125, is taken from Motch et al. (2003) , who fitted the observed spectrum with a model of a hydrogen atmosphere of finite depth. The authors do not report any error bars, but we have included 20% uncertainties which we think are appropriate for this case.
The observational data are displayed in Fig. 1 : they are a scatter of sparse observational limits. In the next sections we shall outline the theory of neutron star cooling and discuss the main issue: what we can learn about the internal structure of neutron stars by confronting theory and observation.
THEORETICAL OVERVIEW

Internal Structure
Current theories of the internal structure of neutron stars are described, e.g., by Glendenning (1996) , Weber (1999) , Haensel (2003) . A neutron star has a thin atmosphere and four internal regions, which we shall refer to as the outer crust, the inner crust, the outer core, and the inner core.
In the outer crust (the outer envelope), matter consists of ions (atomic nuclei) and electrons. The electrons constitute a strongly degenerate, almost ideal gas, which is relativistic at densities of order 10 6 g cm −3 and above. The ions form a strongly coupled Coulomb system, which is solid in most of the envelope, but which is liquid at the lowest densities. The electron Fermi energy grows with increasing ρ and, as a consequence, nuclei tend to become richer in neutrons since it is energetically favorable to convert electrons and protons into neutrons (and neutrinos) by electron capture processes. The nuclei can also undergo other transformations, such as pycnonuclear reactions, absorption and emission of neutrons. At the base of the outer crust, neutrons begin to drip out of nuclei, thereby producing a neutron gas between nuclei. This occurs at a density ρ = ρ ND ≈ 4× 10 11 g cm −3 . The thickness of the outer crust is a few hundred meters.
In the inner crust (the inner envelope), matter consists of electrons, free neutrons and neutron-rich atomic nuclei (Negele & Vautherin 1973 , Pethick & Ravenhall 1995 , Haensel 2003 . The fraction of free neutrons increases with increasing ρ, and at the bottom of the crust (in the density range from ≈ 10 14 to about ρ 0 /2), where nuclei occupy a significant fraction of space, nuclei may be far from spherical (Lorenz et al. 1993 , Pethick & Ravenhall 1995 , but the detailed structure depends on the nuclear model used (Oyamatsu 1993) . Here, ρ 0 ≈ 2.8 × 10 14 g cm −3 is the density of nuclear matter at saturation. Nuclei disappear at a density ∼ 0.5ρ 0 , and matter then becomes a uniform fluid of neutrons, protons and electrons. The thickness of the inner crust is typically about one kilometer. The equation of state throughout the crust has been calculated with reasonable accuracy, and is sufficiently well understood for the purpose of building neutron star models.
Below the inner crust lies the stellar core. At the lowest densities matter consists of neutrons with an admixture (several per cent by particle number) of protons, electrons, and possibly muons (the so called npe and npeµ compositions). All constituents of dense matter are strongly degenerate. The neutrons and protons, which interact via nuclear forces, constitute a strongly non-ideal liquid. For densities up to about 2ρ 0 the equation of state and composition of matter are reasonably well constrained by nuclear physics data and theory, while at higher densities they are much less certain. We shall divide the core into an outer core at densities less than ∼ 2ρ 0 and an inner core at higher densities. The distinction between the inner and outer cores reflects our ignorance concerning the state of matter at high density, and does not imply that matter is physically different in the two parts of the core, although it could be. In massive stars the radius of the inner core may reach several kilometers, and its central density may be as high as (10 − 15)ρ 0 , while in low-mass stars the inner core may be absent since the outer core extends to the center of the star.
There are a number of possibilities for the composition of dense matter:
(1) Nucleon matter. The constituents of matter are basically the same as in the outer core.
(2) Hyperonic matter. With increasing density, the neutron and electron chemical potentials also increase, exceeding possibly thresholds for creating heavier particles such as Σ − and Λ hyperons.
(3) Pion condensate. In dense matter, the energy of a π meson (pion) is modified by interparticle interactions and, if it becomes sufficiently low, a BoseEinstein condensation of pion-like excitations can appear (Migdal 1971 , Sawyer 1972 , Scalapino 1972 , Baym & Campbell 1978 .
(4) Kaon condensate. The energy of a K meson (kaon) will likewise be affected by interactions, and therefore another possibility is a Bose-Einstein condensation of kaon-like excitations (Kaplan & Nelson 1986 , Brown 1995 which, like real kaons, possess strangeness.
(5)Quark matter. At high densities, it is predicted that nucleons will merge to make a fluid composed of light u and d quarks and strange s quarks, and a small admixture of electrons, so-called quark matter (see Weber 1999 , for a review). The appropriate degrees of freedom of such matter are then quarks and gluons, rather than nucleons and mesons. Because of the presence of s quarks, the matter is sometimes referred to as strange quark matter.
The reason that the state of matter at high density plays such an important role in the cooling of neutron stars is that during its early life, a neutron star cools primarily by neutrino emission. Neutrino emission depends sensitively on the nature of the low-lying excitations in matter, and these are different for the different types of matter. Thus, observations of neutron star cooling may provide a way of discriminating between the various possible states of matter at high densities. The nature of matter also affects neutron star models, since the appearance of a new phase tends to soften the equation of state, and thereby alter the structure of a star. Nuclear matter without and with hyperons have been studied experimentally in ordinary nuclei and hypernuclei. Neither boson condensation nor the deconfinement of nuclear matter have yet been discovered in nuclei in the laboratory so far. Thus, the last three models (3) - (5) are often referred to as exotic models of dense matter. One cannot exclude the existence of mixed phases.
The numerous theoretical equations of state may be subdivided into three classes, soft, moderate and stiff ones, with respect to the compressibility of matter. Employing different equations of state, one obtains different stellar models and, in particular, different maximum masses of a stable neutron star, from M max ∼ 1.4 M ⊙ for the softest equations of state to M max ∼ (2 − 2.5) M ⊙ for the stiffest ones. The appearance of a new phase tends to soften the equation of state and, consequently, the compressibility and composition are correlated. Generally speaking, very stiff equations of state are found only for nucleon matter.
Let us also mention a special hypothetical class of compact stars, called strange stars, which consist almost entirely of strange quark matter. According to some models, this matter extends to the very surface; such stars are referred to as bare strange stars. According to other models, strange stars may have a normal crust extending from the surface to the neutron-drip density. Strange stars are discussed in detail by Weber (1999) .
Superfluidity
Superfluidity of nucleons in atomic nuclei is well established. Migdal (1959) predicted that neutrons in neutron stars would be superfluid. Other baryons could also be superfluid there. The superfluidity is produced by pairing (so-called Cooper pairing) of baryons due to the attractive component of their interaction, and it is present only when the temperature T of the matter falls below a critical temperature T c (ρ), specific for a particular baryon species. An important microscopic effect is that the onset of superfluidity leads to the appearance of a gap ∆ in the spectrum of elementary excitations near the Fermi surface. The pairing phenomenon is largely confined to states in the vicinity of the Fermi surface and, consequently, it has almost no effect on the equation of state, and hence on neutron star masses and radii. Superfluidity of charged particles (for instance, protons) implies that matter is superconducting.
Theory predicts that the neutrons between nuclei in the inner crust (and nucleons in nuclei) will pair in the spin singlet state ( 1 S 0 ) with zero orbital angular momentum, just as electrons do in conventional metallic superconductors. However, this neutron pairing is expected to disappear in the stellar core because the neutron-neutron interaction in the singlet state becomes repulsive with increasing density (Wolf 1966). Nevertheless, a weaker interaction in the spin triplet state ( 3 P 2 ) with unit orbital angular momentum may be still attractive in the core producing the triplet-state pairing of neutrons with an anisotropic gap (Hoffberg et al. 1970) . (This state is a close relative of those for the superfluid phases of liquid helium 3.) Purely 3 P 2 pairing could be a simplification, because 3 P 2 channel can be superimposed with other ones, particularly, with 3 F 2 . Owing to a much lower number density of protons in the core, their pairing occurs usually in the singlet state. Hyperons (Balberg & Barnea 1998) and quarks (Bailin & Love 1984) could also be superfluid. Pion and kaon condensations affect superfluidity of nucleons (e.g., Takatsuka & Tamagaki 1995 .
Critical temperatures T c of various particle species have been calculated by many authors as reviewed by Lombardo & Schulze (2001) (more references can be found in Yakovlev et al. 1999) . The results are extremely sensitive to the strong interaction models and many-body theories employed. In all the cases mentioned above, microscopic theories give density dependent critical temperatures T c < ∼ 10 10 K. All types of pairing are expected to disappear at densities well above nuclear density, where the attractive part of the strong interaction becomes ineffective.
In addition, Alford et al. (1998) proposed a new type of quark superfluidity. It consists in pairing of unlike quarks (ud, us, ds) in states which possess not only flavor but also color, in contrast to the quark pairing described above (in which a pair carries neither color nor flavor). This is referred to as color superconductivity. For a typical quark Fermi energy ∼ 500 MeV, one may expect critical temperatures T c ∼ 50 MeV ∼ 5 × 10 11 K. This topic is an active area of research, and properties of stars composed of such quark matter are under investigation (see, e.g., Alford 2004 and references therein).
Because of the energy gap, superfluidity has marked effects on the heat capacity and the neutrino emissivity of dense matter. It induces also a number of macroscopic quantum phenomena (quantized neutron vortices in rotating neutron stars and quantized magnetic flux tubes in magnetized neutron-star cores, - Baym et al. 1969 ) but, since they are less central to the cooling of neutron stars, we do not discuss them in this review.
Neutrino Emission Processes
Neutrino emission is generated in numerous reactions in the interiors of neutron stars, as reviewed, for instance, by Pethick (1992) and Yakovlev et al. (2001a) . Neutrinos carry away energy and provide efficient cooling of warm neutron stars with internal temperature T > ∼ (10 6 − 10 7 ) K. Neutrino reactions in the stellar crust are summarized by Yakovlev et al. (2001a) . The most powerful neutrino emission is produced in the stellar core. Typical neutrino energies in nonsuperfluid stars are ∼ k B T , where k B is Boltzmann's constant.
The neutrino mechanisms in the core can be subdivided into slow and fast ones. In nonsuperfluid dense matter, the emissivities of slow and fast neutrino processes can be written as
where T 9 = T /(10 9 K), while Q s and Q f are slowly varying functions of ρ (whose estimates are presented in Tables 3 and 4 taken from Yakovlev & Haensel 2003 with kind permission of the authors). Fast neutrino reactions (Table 3) have density thresholds and they are not expected to occur outside the inner core. The most powerful neutrino emission is provided by direct Urca 1 processes in nucleon or nucleon/hyperon matter (Lattimer et al. 1991 , Prakash et al. 1992 ). An example of a direct Urca process is given in the first line of Table 3 . It consists of a pair of reactions, the beta decay of a neutron and electron capture on a proton, whose net effect is the emission of a neutrino-antineutrino pair, the composition of matter remaining unchanged. The process can occur only if the proton concentration is sufficiently high. The reason for this is that, in degenerate matter, only particles with energies within ∼ k B T of the Fermi surface can participate in reactions, since other processes are blocked by the Pauli exclusion principle. If the proton and electron Fermi momenta are too small compared with the neutron Fermi momenta, the process is forbidden because it is impossible to satisfy conservation of momentum. Under typical conditions one finds that the ratio of the number density of protons to that of nucleons must exceed about 0.1 for the process to be allowed. Proton fractions in the outer core are estimated to be lower than this, but in the inner core they could be high enough for the process to occur. Other direct Urca processes may involve muons instead of electrons and/or hyperons instead of nucleons. In particular, a concentration of Λ hyperons of order 10 −3 can lead to rapid neutrino emission.
Exotic phases of matter in the inner cores of massive stars would lead to fast neutrino emission by direct-Urca-like processes (see Pethick 1992, for details) . Such processes are also efficient, but somewhat weaker than the nucleon direct Urca one. The leading processes of such a type in pion-condensed, kaoncondensed, and quark matter are collected in Table 3 . The symbol N denotes a nucleon quasiparticle which, in the pion-condensed phase, is a coherent superposition of a neutron and a proton. In the kaon-condensed state, there are two types of baryonic quasiparticles, neutron-like ones which are coherent superpositions of neutrons and Σ − hyperons, and proton-like ones which are coherent superpositions of protons, and Σ 0 and Λ hyperons (both types are denoted collectively by B).
Slow neutrino reactions operate everywhere in the core, particularly in the outer core (and, hence, in low-mass stars). For matter consisting only of neutrons, protons and electrons, they are listed in Table 4 (where N is a nucleon, n or p). They are the modified Urca process and NN -bremsstrahlung. The modified Urca processes differ from their direct Urca counterparts by an additional spectator nucleon N required to ensure conservation of momentum and energy. There are three bremsstrahlung processes (nn, np, and pp) in npe matter. There are other modified Urca and bremsstrahlung processes in the presence of hyperons or quarks (e.g., Yakovlev et al. 2001a ). The neutrino reactions are drastically affected by baryon superfluidity as reviewed by Yakovlev et al. (1999 Yakovlev et al. ( , 2001a . When the temperature T drops much below the critical temperature T c of a given baryon species j, the energy gap in the baryon energy spectrum makes these baryons inactive, greatly (as a rule, exponentially) suppressing all reactions involving such baryons. For instance, a strong superfluidity of protons in npe matter suppresses all Urca processes, but does not affect neutron-neutron bremsstrahlung.
While superfluidity suppresses the traditional processes, it initiates a specific neutrino process associated with Cooper pairing of baryons (Flowers et al. 1976 ). In quasiparticle language, it may be described as annihilation of two quasibaryons with the production of a neutrino pair. This process is forbidden in nonsuperfluid systems, for which the quasiparticles (the elementary excitations) are particles and holes. Two particles or two holes cannot annihilate because the total number of particles is conserved, and the annihilation of particle and a hole is forbidden for kinematical reasons. With decreasing temperature, the process begins to operate at T = T c , produces the maximum emissivity at T ∼ 0.8 T c , and becomes exponentially suppressed at T ≪ T c . For realistic density profiles T c (ρ) at T much below the maximum value of T c (ρ), the total neutrino luminosity of the star due to this process cannot be too high: it can exceed the luminosity provided by the modified Urca process in a nonsuperfluid star at the same T by up to two orders of magnitude. The Cooper pairing neutrino process operates in the core and the inner crust.
Neutrino emissivities of many processes are model dependent, and they have not been calculated with high precision. For instance, the emissivities of the modified Urca and nucleon bremsstrahlung processes in the nonsuperfluid npe matter are usually taken from Friman & Maxwell (1979) , who used the onepion-exchange Born approximation with phenomenological corrections. Recently, neutron-neutron bremsstrahlung has been reconsidered by Hanhart Friman & Maxwell (1979) (with the phenomenological corrections included). Among other recent papers, which have not been reviewed by Yakovlev et al. (2001a) , let us mention the paper by Carter & Prakash (2002) who considered the renormalization of the axial weak interaction constant by in-medium effects in dense matter. Gusakov (2002) has studied the suppression of the modified Urca process by the combined action of the single-state proton pairing and the non-standard triplet-state neutron pairing with the nodes of the gap on the neutron Fermi surface. Jaikumar & Prakash (2001) have analyzed neutrino emission due to Cooper pairing of quarks.
Fortunately, cooling of neutron stars is relatively insensitive to uncertainties in the neutrino emissivity by a factor of 2-3 because the emissivity is very temperature dependent: such uncertainties are easily absorbed by small variations of the internal temperature.
Heat capacity
The major contribution to the heat capacity of a neutron star comes from the core, and it is the sum of the heat capacities of various degenerate constituents of the dense matter (the contribution of the crust is outlined, e.g, by Gnedin et al. 2001) . The heat capacity per unit volume of normal (nonsuperfluid) particle species j is c j = m * j p j k 2 B T /(3h 3 ), where p j is the Fermi momentum, and m * j is the effective mass at the Fermi surface. The main contribution to the heat capacity of a nonsuperfluid core of neutrons, protons and electrons comes from neutrons, while the contribution of protons and electrons is ∼25% and ∼5%, respectively (Page 1993) . The total thermal energy of a nonsuperfluid neutron star is estimated as U T ∼ 10 48 T 2 9 erg. When T drops below a critical temperature T c of particle species j, the heat capacity c j first jumps up discontinuously (by a factor of 2.2-2.4) but at T ≪ T c it becomes strongly suppressed (as reviewed, e.g., by Yakovlev et al. 1999) . For instance, the heat capacity of an npe neutron star core with strongly superfluid neutrons and protons is determined by the electrons, which are not superfluid, and it is about 20 times lower than for a neutron star with a nonsuperfluid core.
COOLING THEORY
Basic Formalism
Neutron stars are born very hot in supernova explosions, with internal temperature T ∼ 10 11 K, but gradually cool down. For about one minute following its birth, the star stays in a special proto-neutron star state: hot, opaque to neutrinos, and larger that an ordinary neutron star (see, e.g., Pons et al. 2001 and references therein). Later the star becomes transparent to neutrinos generated in its interior and transforms into an ordinary neutron star. We consider the cooling during the subsequent neutrino-transparent stage. The cooling is realized via two channels -by neutrino emission from the entire stellar body and by transport of heat from the internal layers to the surface resulting in the thermal emission of photons.
The internal structure of a neutron star can be regarded as temperatureindependent (e.g., Shapiro & Teukolsky 1983) . For a given equation of state for dense matter, one can build a family of neutron star models with different central densities ρ c (hence, different masses and radii). Then one can simulate the cooling of any model.
The general relativistic equations of thermal evolution include the energy and flux equations obtained by Thorne (1977) . For a spherically symmetric star, they are
where r is the radial coordinate (circumferential radius), Q is the neutrino emissivity, c T is the heat capacity per unit volume, κ is the thermal conductivity, and L r is the "local luminosity" defined as the non-neutrino heat flux transported through a sphere of radius r. For completeness, we have introduced Q h , which represents the rate of energy production by reheating sources (if any), associated, for instance, with dissipation of rotational energy. Furthermore, Φ(r) and λ(r) are the metric functions determined from a hydrostatic neutron-star model. The function Φ(r) specifies the gravitational redshift, while λ(r) describes the gravitational distortion of radial scales, e −λ = 1 − 2Gm(r)/c 2 r, where m(r) is the gravitational mass enclosed within a sphere of radius r. At the stellar surface, Φ(R) = −λ(R).
In the outermost stellar layers (roughly, as long as electrons are nondegenerate), thermal conduction is radiative. Deeper in the crust, thermal conductivity is provided by electrons (e.g., Potekhin et al. 1997) , while in the core it is produced by electrons, neutrons, and other baryons.
It is conventional (e.g., Gudmundsson et al. 1983 ) to separate the stellar interior (r < R b ) and the outer heat-blanketing envelope (R b ≤ r ≤ R), where the boundary radius R b corresponds to a density ρ b ∼ 10 10 g cm −3 (∼ 100 meters under the surface). The thermal structure of the blanketing envelope is studied separately in the stationary, plane-parallel approximation to relate the surface temperature T s (more generally, the surface thermal luminosity, L γ ) to the temperature T b at the inner boundary of the envelope. The T b − T s relation is used then as the boundary condition for solving Eqs. (3) and (4) at r < R b .
The main goal of the cooling theory is to calculate cooling curves, T ∞ s (t) (or L ∞ γ (t)), to be compared with observations. One can distinguish three main cooling stages:
(i) The initial thermal relaxation stage lasts for t < ∼ 10-100 yrs; the crust remains thermally decoupled from the core, and the surface temperature reflects the thermal state of the crust (Lattimer et al. 1994 , Gnedin et al. 2001 .
(ii) The neutrino cooling stage (neutrino luminosity L ν ≫ L γ ) lasts for t < ∼ 10 5 yr; the cooling is produced by neutrino emission from the stellar interior (mainly from the core), while the surface temperature adjusts to the internal one.
(iii) During the final photon cooling stage (L ν ≪ L γ t > ∼ 10 5 yr) the star cools via photon emission from the surface, and the evolution of the internal temperature is governed by the radiation from the stellar surface, and hence it is sensitive to properties of the outer parts of the star.
After the thermal relaxation, the redshifted temperature T i (t) = T (r, t) e Φ(r) becomes constant throughout the stellar interior. Then Eqs. (3) and (4) reduce to the equation of global thermal balance (Glen & Sutherland 1980) ,
where dV = 4πr 2 e λ dr is the element of proper volume, C is the total stellar heat capacity, L ∞ ν is the total neutrino luminosity (for a distant observer), and L ∞ h is the total reheating power.
Heat-Blanketing Envelope: T s − T b Relation
An accurate T s -T b relation for a nonmagnetic heat-blanketing iron envelope at T s > ∼ 2 × 10 5 K was obtained by Gudmundsson et al. (1983) : T b = 1.288 × 10 8 (T 4 s6 /g 14 ) 0.455 K, where g 14 is the surface gravity g = GM e −Φ(R) /R 2 in units of 10 14 cm s −2 , and T s6 = T s /10 6 K. The thermal insulation is actually provided by a relatively thin layer of the outer part of the blanketing envelope (where the electrons are mildly degenerate); this layer becomes thinner as T s decreases. Potekhin et al. (1997) extended these results to lower temperatures and took into account the possible presence of a thin surface layer composed of light elements, primarily H and He, which could be the result of accretion. The thermal conductivity of the light-element plasma is higher than that of an iron plasma, thereby increasing T s for a given T b . The effect is determined by the total mass ∆M of the light-element envelope, and is insensitive to whether the accreted matter is H or He. Because of beta captures and pycnonuclear burning of light elements at densities ρ > ∼ 10 10 g cm −3 the mass of a light-element envelope is limited to ∆M < ∼ 10 −7 M ⊙ .
A magnetic field influences the thermal conductivity of the surface layers and, in particular, makes it anisotropic. This affects the T s −T b relation (e.g., Potekhin et al. 2003 and references therein). The effects are twofold.
(1) Classical effects are produced by electron cyclotron motion perpendicular to the direction of the magnetic field. These effects can strongly reduce the electron thermal conductivity across the magnetic field but they do not affect the conductivity along the field. They are especially important near the magnetic equator, where the field is tangential to the surface and the heat is carried away from the stellar interior across the field lines. Such equatorial regions conduct heat less well, which lowers the local effective temperature for a given T b .
(2) Quantum effects are associated with the quantization of electron motion into Landau levels. They may strongly modify the conductivities along and across the field lines. If the magnetic field is so strong that the majority of electrons occupy the lowest Landau level, the quantum effects enhance the longitudinal thermal conductivity of degenerate electrons. This effect is most pronounced near the magnetic poles, where the field is normal to the surface and heat propagates along the field lines. The quantum effects increase the local surface temperature for a given T b .
The total photon luminosity of the star is obtained by integrating the local radiated flux over the entire stellar surface . For instance, at T s > ∼ 3 × 10 5 K the dipole magnetic field affects the luminosity if B > ∼ 3 × 10 10 G. As long as B < ∼ 3 × 10 13 G, the equatorial decrease of the heat transport dominates, and the luminosity is lower than at B = 0. For higher B, the polar increase of the heat transport dominates, and the magnetic field increases the photon luminosity. At B > ∼ 10 12 G the magnetic poles become much hotter than the equator. However, due to the gravitational lensing effect, the flux of thermal radiation is almost independent of the direction of observation (Page 1995 .
The effects of a magnetic field are most important in the outer part of the heat-blanketing envelope and they weaken with increasing ρ. This has two consequences. First, in a hot neutron star (T s > ∼ 3 × 10 6 K), the most important heat-insulating layer lies deep in the blanketing envelope. As a result, the T s − T b relation is weakly affected by the magnetic field, and for very high T s it converges to the field-free result. Thus even a very strong field cannot change the thermal state of a hot neutron star. Second, the temperature distribution in the interior (ρ > ρ b ) may be regarded as spherically symmetric. This justifies the use of the purely radial equations (3) and (4) in the internal region. In the presence of strong magnetic fields, it is reasonable to shift ρ b to the neutron drip density, 4 × 10 11 g cm −3 .
Recently the effects of light element envelopes and magnetic fields have been reconsidered by Potekhin et al. (2003) and Yakovlev et al. (2004b) . have also studied the combined effects of light elements and magnetic fields. However, the available T s − T b relations of cold (T s < ∼ 10 5 K) and/or strongly magnetized (B > ∼ 10 13 G) neutron stars are still far from perfect because of the problems of calculating ionization equilibrium, the equation of state, and the thermal conductivity of cold and/or strongly magnetized plasmas.
The heat propagation time t th through the blanketing envelope depends on many factors. For T s ∼ 10 6 K and ρ b ∼ 10 10 g cm −3 one has t th ∼ 1 yr (e.g., Ushomirsky & Rutledge 2001). In a cooler star t th is shorter due to the higher thermal conductivity.
Physical Properties that Determine Cooling
Cooling of neutron stars is affected by many factors, of which the most important are:
(a) The rate of neutrino emission from the interior of a neutron star.
(b) The heat capacity in the stellar interior.
(c) The first two items depend in turn on the composition of matter in the stellar interior, and the gross stellar structure depends on the equation of state of matter at high densities.
(d) Superfluidity of matter can have a dramatic effect on neutrino emission and the heat capacity. 2 (e) The thermal conductivity, especially in the heat blanketing envelope, is a crucial ingredient, because it determines the relationship between T s and T b . In particular, the thermal conductivity is sensitive to the presence of a light-element layer and magnetic fields in the blanketing envelope.
(f) Possible reheating mechanisms such as frictional dissipation of rotational energy may be especially important in cold and old neutron stars. For simplicity, we shall neglect them in cooling calculations (setting Q h ≡ 0), but we shall summarize them in Sect. 5.7.
COOLING OF NEUTRON STARS WITH NUCLEON CORES
Physics Input
We start with the simplest composition for a neutron star core, just neutrons, protons and electrons. Illustrative cooling curves are calculated with our fully relativistic nonisothermal cooling code (Gnedin et al. 2001 ). In the stellar core, we use a stiff phenomenological equation of state proposed by Prakash et al. (1988) (their model I for the symmetry energy and the model of the bulk energy which gives for the compression modulus of saturated nuclear matter K = 240 MeV). The parameters for neutron star models with several masses are given in Table 5 . Along with the values of M and R we present the central density ρ c , the total mass of the inner and outer crusts M crust , the total width of these crusts ∆R crust (defined as R−R core , where R core is the radius of the crust-core interface), the mass ∆M D and radius R D of the central core, where the direct Urca process can occur. The most massive stable neutron star for this equation of state has M max = 1.977 M ⊙ and ρ c = 2.578 × 10 15 g cm −3 . For the given equation of state, the direct Urca process is allowed at densities ρ ≥ ρ D = 7.851 × 10 14 g cm −3 . The mass of the star with
The cooling code includes the effects of nucleon superfluidity of three types: singlet-state ( 1 S 0 ) pairing of free neutrons in the inner crust (with a critical temperature T c = T cns (ρ)); 1 S 0 proton pairing in the core (T c = T cp (ρ)); and triplet-state ( 3 P 2 ) neutron pairing in the core (T c = T cnt (ρ)). The T c (ρ) dependence has been parameterized by simple equations (e.g., Yakovlev et al. 2002b ); the models for T c (ρ) are qualitatively the same as those obtained in a number of microscopic calculations.
Nonsuperfluid Stellar Models
In this subsection we neglect the effects of light-element surface envelopes and surface magnetic fields. For nonsuperfluid neutron stars, we have two well-known cooling regimes, slow and fast cooling due to slow and fast neutrino emission (Sect. 3.3) as illustrated in Fig. 2 5), gives an approximate slow-cooling law during the neutrino cooling stage: t slow ∼ 1 yr/T 6 i9 (see, e.g., Pethick 1992). The internal temperature drops to T i ∼ 1.5 × 10 8 K in t = 10 5 yrs. These nonsuperfluid models of cooling by the modified Urca process cannot explain the observational limits of some sources, first of all, PSR J0205+6449, Vela, and PSR B1706-44 (too cold), as well as RX J0822-4300 and PSR B1055-52 (too hot). The data seem to require both slower and faster cooling.
The fast cooling occurs at M − M D > ∼ 0.01 M ⊙ via the powerful direct Urca process. The cooling curves are again not too sensitive to the stellar mass. These stars are much colder (T ∞ s < ∼ 3 × 10 5 K for t ∼ 10 4 yrs) than the slow-cooling ones. An estimate from Eq. (5) during the neutrino cooling stage now yields t fast ∼ 1 min/T 4 i9 , giving T i ∼ 10 7 K for t = 200 yrs. The transition from the slow to fast cooling takes place in a very narrow range of M because of the huge difference in the emissivities of the modified and direct Urca processes, and the sharp threshold of the direct Urca process (left panel of Fig. 2 ). On the cooling diagram some sources (in particular, Vela, PSR B1706-44, Geminga, RX J1856.4-3754) fall exactly in this transition zone, and therefore could be explained if they had almost the same mass. This unlikely assumption can be avoided by including the effects of nucleon superfluidity (see Sect. 5.4).
Let us stress the universality of the cooling curves (Page & Applegate 1992) . The curves for low-mass stars are insensitive not only to the values of M (as long as M < M D ), but also to the equation of state at high densities. The effect is illustrated in Fig. 3 , where we show the cooling of 1.1 M ⊙ stars, with four equations of state. Model A is our basic equation of state (Sect. 5.1), while B, C, and D are modifications of the equations of state of Prakash et al. (1988) with the simplified form of the symmetry energy suggested by Page & Applegate (1992) . Specifically, models B, C, and D correspond to three values of the compression modulus of saturated nuclear matter: K=180, 240, and 120 MeV, respectively. They are examples of moderate, stiff, and soft equations of state (yielding M max =1.730, 1.942, and 1.461 M ⊙ ). Although the equations of state and the stellar models are different, the cooling curves of low-mass stars are almost the same, especially if one plots T ∞ s (t) (left panel) rather than L ∞ γ (t) (right panel). This universality is easily explained from Eq. (5): the cooling rate at the neutrino cooling stage is proportional to L ∞ ν /C, the ratio of the total neutrino luminosity and heat capacity. While both L ∞ ν and C depend on the stellar model, their ratio is almost model-independent. Thus, we have actually one universal standard basic cooling curve for all models with M ⊙ < ∼ M < M D . This curve is plotted in Fig. 1 . The cooling curves of high-mass stars are also similar (for the same reasons). For instance, the curves of maximum-mass stars with equations of state A-D are almost identical.
Effects of Magnetic Fields and Light-Element Envelopes
Now we discuss the effects of surface magnetic fields and light-element (accreted) envelopes (Sect. 4.2). We shall follow the considerations of Potekhin et al. (2003) (also see their paper for references to earlier work). During the neutrino cooling stage, the internal stellar temperature T b is determined by neutrino emission, and is insensitive to the physics of the heatblanketing envelope. The surface temperature adjusts to T b according to the T s -T b relation. Since accreted envelopes conduct heat better than ones composed of heavier elements, the surface temperature of a star with an accreted envelope is noticeably higher. Even an amount of accreted matter as small as ∆M/M ∼ 10 −13 can appreciably change the cooling. The cooler the star, the smaller ∆M which yields the same cooling as the fully accreted blanketing envelope. The reason for this is that the greatest contribution to the difference between surface and interior temperatures occurs in a thin layer where matter is partially degenerate. The cooler the star, the closer this layer is to the surface, and the smaller the amount of accreted matter is needed to change the composition of this layer.
For t > ∼ 10 5 yrs the star enters the photon cooling stage when the cooling is governed by T s (Sect. 4.1). An accreted envelope leads then to faster cooling (more rapid fall of T s with time). Thus, the effects of light elements on the surface temperature during the neutrino and photon cooling stages are opposite. This reversal of the effect of light elements when passing from one stage to the other has a straightforward physical explanation, and is well known.
The middle panel of Fig. 4 displays the effect of a dipolar magnetic field on the cooling of neutron stars with nonaccreted envelopes. Let us remark that in this case T s refers to the average surface temperature (Sect. 2). We present the cooling curves for several strengths of the magnetic field at the poles up to B p = 10 16 G. The cooling curves of nonmagnetic neutron stars are shown as thick lines. For simplicity, the magnetic field is assumed to be independent of time. A magnetic field B p < ∼ 10 13 G makes the blanketing envelope of a warm (1.3 M ⊙ ) neutron star less conducting to heat (Sect. 4.2). This lowers T s during the neutrino cooling stage and increases T s during the photon cooling stage, producing another reversal effect. By contrast, a stronger magnetic field with B p ≫ 10 13 G makes the blanketing envelope a better conductor of heat, which increases T s during the neutrino cooling stage and lowers T s during the photon cooling stage (another reversal). A field B p ∼ 10 13 G has almost no effect on the cooling. The fast cooling of cooler magnetized (1.5 M ⊙ ) neutron stars is somewhat different: a magnetic field B p < ∼ 10 13 G has almost no effect on T s , while fields B p > ∼ 10 13 G affect the cooling much more than for slow-cooling neutron stars.
The right panel of Fig. 4 shows cooling curves for neutron stars with fully accreted envelopes and the same dipole magnetic fields as in the middle panel. For a star with B p < ∼ 10 15 G during the neutrino cooling stage, the effect of the accreted envelope is stronger than the effect of the magnetic field. For higher B p , the magnetic effect dominates; the accreted envelope produces a rather weak additional rise in T s .
The main outcome of these studies is that even ultrahigh magnetic fields do not change the average surface temperatures of young and warm neutron stars as much as an accreted envelope can. At the same time, strong fields induce a strongly nonuniform surface temperature distribution (see, e.g., Potekhin et al. 2003) .
Proton Superfluidity and Three Types of Cooling Neutron Stars
The considerations above show that the effects of magnetic fields and accreted envelopes in nonsuperfluid neutron stars cannot reconcile theory and observation. Figure 5 : Left: Superfluid transition temperature versus density for two models (1p and 2p) for proton superfluidity in the neutron star core. Right: Neutrino emissivity profiles in the core at T = 3 × 10 8 K for nonsuperfluid matter (noSF) and for matter with superfluid protons (models 1p or 2p).
Thus, we turn to the cooling of superfluid neutron stars. For simplicity, in Sects. 5.4 and 5.5 we consider nonmagnetic neutron stars without accreted envelopes. The observations can be explained by the cooling of superfluid neutron stars assuming that proton superfluidity is rather strong at ρ < ∼ ρ D , while the 3 P 2 neutron superfluidity is rather weak. We start with the effects of proton superfluidity (Kaminker et al. 2001 ) and neglect neutron pairing. We take two typical models of proton superfluidity, 1p and 2p. The model critical temperatures T cp (ρ) are displayed in the left panel of Fig. 5 . The resulting neutrino emissivity in the stellar core at T = 3 × 10 8 K is shown in the right panel.
The effects of proton superfluidity are seen to be twofold. First, superfluidity reduces the neutrino emission in the outer core by strongly suppressing the modified Urca and even the direct Urca process at not too high ρ. Consequently, neutron-neutron bremsstrahlung (Table 4) , which is weaker, becomes the leading neutrino emission mechanism. Second, proton superfluidity gradually dies out with increasing ρ, smoothly removing the reduction of fast neutrino emission. This broadens the direct Urca threshold, creating a finite transition zone at densities ρ s < ∼ ρ < ∼ ρ f between the regions with slow neutrino emission (ρ < ∼ ρ s ) and rapid neutrino emission (ρ > ∼ ρ f ). For model 2p, superfluidity extends deeper into the stellar core and shifts the transition zone to higher densities. The direct Urca threshold can also be broadened by the thermal effects and by magnetic fields (Baiko & Yakovlev 1999 ) but these effects are usually weaker than the broadening provided by superfluidity (Yakovlev et al. 2001a) .
The cooling curves of neutron stars of different masses with proton superfluidity models 1p and 2p are plotted in the left and right panels of Fig. 6 , respectively. We see that proton superfluidity leads to three characteristic types of cooling neutron stars (Kaminker et al. 2002) . Low-mass neutron stars, with ρ c < ρ s , have weaker neutrino emission than low-mass nonsuperfluid neutron stars, and they form a class of very slowly cooling neutron stars. Their cooling curves are almost universal (as in Sect. 5.2): they are independent of the stellar mass, the model for proton superfluidity, and the equation of state in the stellar core. These cooling curves lie above the basic standard cooling curve, and can explain the observations of RX J0822-4300 and PSR B1055-52. Thus we can treat these two sources as low-mass neutron stars. With some reservations, RX J0720.4-3125 may also be attributed to this class (although, given the large observational uncertainties, it may belong to the class of cooler, medium-mass stars).
High-mass, rapidly cooling neutron stars, with ρ c > ∼ ρ f , cool mainly via fast neutrino emission from the inner core. The cooling curves are again almost independent of M , equation of state and model for proton superfluidity, and they are actually the same as for high-mass nonsuperfluid stars. All observed isolated neutron stars are much warmer than these models.
Medium-mass neutron stars (ρ s < ∼ ρ c < ∼ ρ f ) show cooling which is intermediate between very slow and fast; it depends on M , the equation of state and proton superfluidity. Roughly, the masses of these stars range from M D to 1.55 M ⊙ for the 1p superfluidity model and from 1.4 to 1.65 M ⊙ for the 2p superfluidity model. By varying ρ c from ρ s to ρ f we obtain a family of cooling curves which fill the (shaded) space between the curves of low-mass and high-mass stars. Then we can select those curves which explain the observations and thus attribute masses to the sources. This "weighing of neutron stars" suggested by Kaminker et al. (2001) depends on a proton superfluidity model (Fig. 6) as well as on the Figure 7 : Left: Superfluid transition temperatures as a function of density for protons (model 1p) and neutrons (models 1nt and 3nt for triplet-state pairing) in the core of a neutron star. Right: Neutrino emissivity as a function of density at T = 3 × 10 8 K in nonsuperfluid matter (noSF) and in the presence of proton superfluidity (model 1p) and neutron superfluidity (models 1nt and 3nt). equation of state and the composition of matter in the core (see, e.g., Kaminker et al. 2002) , which determine the position of the direct Urca threshold. We can treat 1E 1207-52, Vela, PSR B1706-44, Geminga, and RX J1856.4-3754 as medium-mass neutron stars.
Mild Neutron Pairing in the Core Contradicts Observation
We now investigate the effect of 3 P 2 neutron pairing in the stellar core (e.g., Kaminker et al. 2001 Kaminker et al. , 2002 Yakovlev et al. 2002a) . Microscopic theories predict this pairing to be weaker than the proton one. Two models for T cnt (ρ) (1nt and 3nt) are presented in the left panel of Fig. 7 , with maximum T max cnt ≈ 3.4 × 10 8 and 8 × 10 8 K, respectively. The appearance of such superfluidity induces the strong neutrino emission due to Cooper pairing of neutrons in the outer core as shown in the right panel of Fig. 7 .
Theoretical cooling curves of neutron stars with model 1p for proton superfluidity and with either model 1nt or model 3nt for neutron superfluidity are shown in Fig. 8 . Before the onset of neutron superfluidity the curves are the same as for models with proton superfluidity alone (Fig. 6) . After the onset, cooling is strongly accelerated by neutrino emission due to the Cooper pairing of neutrons. For model 3nt, neutron superfluidity is stronger than for model 1nt and appears earlier, producing faster cooling (cf. right and left panels of Fig. 8 ). In any case, the fast cooling predicted by these models is in conflict with observations of many sources.
In fact any mild neutron superfluidity in the stellar core with a realistic T cnt (ρ) profile and T max cnt ∼ (2 × 10 8 − 2 × 10 9 ) K contradicts observations of at least some hotter and older objects (independently of the proton pairing) and should be Figure 8 : Cooling of neutron stars of different masses with models 1p for proton superfluidity and either 1nt (left) or 3nt (right) for neutron superfluidity in the cores together with observations of isolated neutron stars. Any point within the shaded regions may be explained by the given cooling models for some value of the stellar mass.
rejected on these grounds (Yakovlev et al. 2004a) . Neutron superfluidity with a smaller T max cnt would come into play only in the late stages of neutron star evolution and has no effect on the cooling of middle-aged stars. It is interesting that recent calculations by Schwenk & Friman (2004) indicate that the mediuminduced one-pion-exchange interaction (acting in second order) greatly reduces triplet-state pairing of neutrons in neutron star cores. This is in line with the above conclusion that triplet-state neutron pairing should be weak.
The neutrino luminosity due to Cooper pairing of nucleons may exceed that due to the modified Urca process in normal matter by a factor of up to ∼ 100. Thus, neutrino emission produced by Cooper pairing will not affect the cooling of massive neutron stars (if the direct Urca process is allowed in the inner core and superfluidity becomes weak there, unable to suppress fast neutrino emission).
In principle, the observations could be explained in the same manner as in Sect. 5.4 but assuming strong neutron superfluidity in the stellar core (instead of strong proton one) and weak proton superfluidity (instead of weak triplet-state neutron pairing). This has been shown (e.g., Yakovlev et al. 1999) in simplified cooling simulations with T cp and T cnt constant throughout stellar cores. However, this scenario seems less likely in view of theoretical estimates of gaps. The simultaneous presence of strong neutron and proton superfluids in the core would greatly reduce the stellar heat capacity and initiate a rapid cooling of low-mass stars at t > ∼ 3 × 10 4 yrs, in sharp contradiction with the observations of old and warm sources. Finally, very strong neutron or proton superfluidity (T c > ∼ 10 10 K) everywhere throughout neutron star cores would suppress the direct Urca pro- cess and produce slow cooling of neutron stars of any mass during the neutrino cooling stage ). This too is in conflict with observation.
Very Slowly Cooling Low-Mass Neutron Stars and the Physics of the Crust
As discussed in Sect. 5.4, low-mass stars with strong proton superfluidity in their cores form a special class of very slowly cooling neutron stars. Their cooling is insensitive to the physics of the core: to the equation of state, the stellar mass, and to the model for proton superfluidity. These stars differ from others by their very low neutrino luminosity. As a result, their cooling is especially sensitive to the physics of the stellar crust, since it is determined mainly by the presence of (i) singlet-state neutron superfluidity in the inner crust, as well as by the presence of (ii) accreted matter and (iii) magnetic fields in the blanketing envelopes. All these effects are of comparable strength. They are analyzed below following Potekhin et al. (2003) with regard to the observations of RX J0822-4300 and PSR B1055-52. Our analysis is illustrated in Figs. 9 and 10. For definiteness, we take a 1.3 M ⊙ neutron star with proton superfluidity (model 1p) in the core and neglect triplet-state neutron pairing in the core (as discussed in Sect. 5.5). The two dotdashed curves labeled noSF and pSF in each panel of Fig. 10 show the cooling of a nonsuperfluid star and a one with strong proton superfluidity, both of them without magnetic fields and accreted envelopes. As shown in Sect. 5.4, proton superfluidity delays the cooling, making it consistent with the observations of RX J0822-4300 and PSR B1055-52. The curves demonstrate how neutron superfluidity in the crust initiates neutrino emission due to the Cooper pairing of neutrons and noticeably accelerates the cooling of low-mass neutron stars (Yakovlev et al. 2001b) .
For example, Fig. 9 shows the dependence of the superfluid gap ∆ (left vertical axis) and the associated critical temperature T cn (in units of 10 9 K, right axis) on neutron Fermi wave number k Fn (as a measure of density) for six models of crustal superfluidity (from Lombardo & Schulze 2001) . Model BCS is the simplest model, in which the pairing interaction it taken to be the neutron-neutron interaction in free space. The five other models -C86 (Chen et al. 1986 ), C93 (Chen et al. 1993) , A (Ainsworth et al. 1989) , W (Wambach et al. 1993) , and S (Schulze et al. 1996 ) -include medium polarization effects which weaken the pairing. While all curves exhibit the same qualitative behavior, there are quantitatively important differences. Model BCS is oversimplified, since it does not take into account effects of the medium. In a medium, the gap is affected mainly by exchange of spin fluctuations, which reduce the gap, just as they do in metals. Model S includes the effects of spin fluctuations, and the reason for it giving results so different from the others is unclear. Despite the superficial similarity between the results of the other models, there is a spread of a factor two in the predictions for the upper density at which neutron superfluidity disappears.
Six cooling curves (BCS, S, A, W, C86, and C93) in Fig. 10 are calculated adopting the 1p model for proton superfluidity in the core and one of the models for neutron superfluidity in the crust. Crustal superfluidity accelerates the cooling and complicates the interpretation of the observations of RX J0822-4300 and PSR B1055-52. The six curves are naturally divided into three pairs shown in three panels of Fig. 10 . The curves within each pair are very close, while the pairs differ from one another. The superfluid gaps for any pair are different but disappear at the same density (Fig. 9) . This density restricts the volume in which neutrino emission due to the singlet-state neutron pairing may operate and accelerate the cooling. For models BCS and S, superfluidity penetrates into the stellar core, for models A and W it dies out at the crust-core interface, while for models C86 and C93 it dies out well before the interface. Naturally, the effects of superfluidity are weakest for models C86 and C93, while models BCS and S, which are less realistic from a microscopic point of view, produce the most dramatic effect: the cooling curves lie much lower than the pSF curve, and are marginally inconsistent with the data.
All neutron stars are expected to have the same superfluid properties but may have different magnetic fields and envelopes. Figure 10 shows several cooling curves, where the presence of magnetic fields (B p = 10 15 G) or accreted envelopes (∆M/M = 10 −7 ) is taken into account in addition to the crustal superfluidity. As discussed in Sect. 5.3, magnetic fields and accreted envelopes have opposite effects on T ∞ s during the neutrino and photon cooling stages. PSR B1055-52 is just passing from one cooling stage to the other and has no superstrong magnetic field. It is not expected to possess an extended accreted envelope. Thus, the effects of magnetic fields and accreted envelopes on the evolution of this pulsar are thought to be minor, but they may be important for RX J0822-4300. Including these effects, one can substantially raise the cooling curve, thereby bringing it into agreement with observation.
These results are preliminary. First, the observational data are not too certain (Sect. 2). Second, the magnetic fields and accreted envelopes have been considered as fixed. In fact, the magnetic field strength and geometry may evolve (particularly, due to ohmic decay) and the composition of surface layers may change (e.g., due to diffusive nuclear burning, Chang & Bildsten 2003 ). An important topic for future research is the self-consistent simulation of the magnetic, chemical, and thermal evolution of neutron stars.
As seen from Fig. 10 , one can easily build a model of a middle-aged (t < ∼ 10 4 yr) low-mass cooling star which would be noticeably hotter than RX J0822-4300. It is sufficient to assume strong proton superfluidity in the core, crustal superfluidity according to model C86 or C93, and a massive accreted envelope. This will give a cooling curve similar to curve C93a in the right panel of Fig.  10 . One can additionally push this cooling curve up by assuming a very strong magnetic field, B p > ∼ 10 15 G, but this rise will be small. Thus, the C93a curve is close to the limiting cooling curve for the hottest neutron star of age t < ∼ 10 4 yrs. Notice that such a star will cool very quickly during the photon cooling stage.
Cooling of Old Neutron Stars. Reheating Mechanisms
Let us outline the cooling of old neutron stars (t > ∼ 10 5 − 10 6 yrs, the photon cooling stage). The problem is complicated. Its important ingredient is the T s −T b relation. In old stars the heat-insulating surface layer becomes extremely thin. The internal temperature is expected to become close to the surface one (very roughly) at T s < ∼ 10 3 K. Such a cold surface may be solid; its thermal emission may be reduced by the limited transparency of surface material.
For a nonsuperfluid star without a magnetic field and without an accreted envelope, a temperature T s ∼ 10 3 K is reached at t ∼ 2 × 10 7 yrs independently of stellar mass and the presence of the enhanced neutrino emission. By that time the neutrino emission properties (crucial for t < ∼ 10 5 yrs) will be unimportant, and the slow and rapid cooling curves will converge to a single curve. Assuming black-body emission with T s ≈ T b during the later cooling stages, from Eq. (5) one finds the approximate cooling law t ∼ 10 yr/T 2 s6 , which gives T s ∼ 100 K at t = 10 9 yrs. The cooling of old stars is affected by superfluidity in the stellar core: strong superfluidity of nucleons suppresses the heat capacity and accelerates the cooling. For instance, strong superfluidity of neutrons and protons reduces T s (t) at t > ∼ 10 7 yrs by a factor of ∼4.
These cooling scenarios are idealized. Old neutron stars have a low heat capacity and therefore any weak reheating may drastically raise their temperatures. One such mechanism for reheating is viscous dissipation of rotational energy within the star. Studies of this effect were initiated by Alpar et al. (1987) and Shibazaki & Lamb (1989) who took into account viscous dissipation due to the interaction of superfluid and normal components of matter in the inner crust. The cooling theory with viscous reheating has been developed further in a number of articles cited by Page (1998a, b) and Yakovlev et al. (1999) .
Reheating may also be produced by the energy release due to weak deviations from beta equilibrium in a neutron star core (Reisenegger 1995) .
Another possibility is that a star may be heated by ohmic dissipation of the magnetic field in a nonsuperfluid core due to the enhancement of the electrical resistivity across a strong magnetic field. This mechanism was suggested by , and other references may be found in Yakovlev et al. (1999) . Ohmic decay of the magnetic field in the crust can also heat the star (Miralles et al. 1998 .
Reheating of old isolated neutron stars may also be provided by accretion from the interstellar medium or by pulsar activity.
As a rule, reheating mechanisms are model dependent and can produce noticeable effects only in old stars. Unfortunately, no reliable observational data on the thermal states of such stars are yet available. No reheating is required to interpret the observations of middle-aged neutron stars (Sect. 2).
COOLING OF NEUTRON STARS WITH EXOTIC CORES
As the next step, following Yakovlev & Haensel (2003) , we explore the hypothesis of exotic matter in the cores of neutron stars. We adopt the model of neutrino emission given by Eq. (2) and shown in the left panel of Fig. 11 . Quite generally, we assume the presence of an outer core with slow neutrino emission, an inner core with fast neutrino emission, and an intermediate zone (ρ s < ∼ ρ < ∼ ρ f ). Using this model we obtain three types of cooling neutron stars similar to those discussed (Sect. 5.4) for stars with nucleon cores: low-mass stars (ρ c < ∼ ρ s ) which cool slowly, high-mass stars (ρ c > ∼ ρ f ), which cool rapidly via enhanced neutrino emission from the inner core, and medium-mass stars (ρ s < ∼ ρ c < ∼ ρ f ), whose cooling is Vela Figure 11 : Left: Schematic model for the density dependence of the neutrino emissivity in a neutron star core at T = 10 9 K assuming very slow neutrino emission in the outer core and three scenarios for fast emission in the inner core. Right: Ranges of T ∞ s (single, double and triple hatching) for the three types of fast emission, compared with observations. Each range is limited by the upper cooling curve which is for a low-mass star and a lower curve, which is for a high-mass star. (See text.) intermediate.
The right panel of Fig. 11 displays cooling curves for models of low-mass and high-mass stars (no magnetic fields and accreted envelopes) for three qualitatively different equations of state and compositions for the cores, which lead to vastly different neutrino emission rates in the inner cores. We stress that the actual composition and equation of state of matter should be the same for all neutron stars, provided there is sufficient time for the matter to come into equilibrium, but at present they are unknown.
The upper cooling curve is for a low-mass star. Such neutron stars are thought to consist of nucleon matter; the cooling curves for all three equations of state have to be nearly the same. For definiteness, we present the cooling curve for a 1.35 M ⊙ star with strongly superfluid protons from the left panel of Fig. 6 . In this case, the main neutrino emission is produced by neutron-neutron bremsstrahlung in the core.
The three lower cooling curves in the right panel of Fig. 11 refer to high-mass neutron stars with different equations of state. The lowest curve corresponds to nucleon matter. For example, we present the curve from Fig. 6 for the maximummass neutron star. A similar curve should describe the cooling of massive neutron stars with hyperonic cores. Two higher curves in Fig. 11 schematically show the cooling of massive neutron stars with a pion or kaon condensate in the core (with Q f = 10 25 or 10 23 erg cm −3 s −1 in Eq. (2), respectively). Neutron stars with quark cores are expected to show nearly the same cooling behavior as stars with kaon condensates.
For a given equation of state for dense matter, the highest cooling curve corresponds to a low-mass star and the lowest cooling curve to a high-mass star. Between these two curves lies a sequence of cooling curves for neutron stars with masses between the highest and lowest ones (hatched regions). The data are consistent with any of the models for neutrino emission (nucleon direct Urca, pion condensate or kaon condensate), as many authors have concluded, e.g., Page, 1998a, b) . Obviously, the discovery of cooler neutron stars would have important implications for the composition of matter at supernuclear densities.
The rather uniform scatter of the observational points suggests the existence of a class of intermediate mass neutron stars. Their mass range is sensitive (Yakovlev & Haensel 2003) to the position and width of the transition layer (Fig.  11) between the slow and fast neutrino emission zones. Unfortunately, these parameters cannot be constrained by the current data. For instance, ρ s can be placed anywhere between ∼ 8 × 10 14 to ∼ 1.2 × 10 15 g cm −3 for a broad range of equations of state. The deduced masses of medium-mass stars will be different, but it will still be possible to explain all the sources. For kaon-condensed matter, the difference in rates between slow and fast neutrino emission processes is not too large and, consequently, stars with a significant range of stellar masses exhibit cooling behavior intermediate between the two limiting cases even if the transition zone is absent (ρ f = ρ s ). In other cases the transition zone must be rather wide (ρ f − ρ s > ∼ 0.1ρ s ) to explain the medium-mass sources. In the scenarios described in Sect. 5.4 the nonzero width of the transition zone has been produced by the weakening of proton superfluidity at high ρ.
Our analysis is a restricted one, but it has pointed to a number of general features. We have not described in detail the cooling of neutron stars with quark cores, which is very rich in physics; a comprehensive study has been carried out by Schaab et al. (1996) . Nor have we considered the cooling of bare strange stars. The physics of emission from the surface of these objects is very different from that of ordinary neutron stars because of the very high plasma frequency of surface quark layers. The issue has recently been addressed by Page & Usov (2002) .
THERMAL STATES OF TRANSIENTLY ACCRET-ING NEUTRON STARS
Now we discuss thermal states of accreting neutron stars in soft X-ray transients (SXRTs). We shall follow mainly the considerations of Yakovlev et al. ( , 2004b . SXRTs undergo periods of outburst activity (lasting from days to months) superimposed on quiescent periods (lasting from months to decades); see, e.g., Chen et al. (1997) . Their activity is most probably regulated by accretion from a disk around the neutron star. During quiescence, when accretion is absent or greatly suppressed, some sources emit rather intense thermal radiation, which indicates that the neutron stars are rather hot. A possible explanation for these sources (Brown et al. 1998 ) is that they are neutron stars powered by deep crustal heating (Haensel & Zdunik 1990 produced by nuclear transforma- tions in accreted matter as it sinks into the inner crust under the weight of newly accreted material. The total energy release is about 1.1-1.5 MeV per accreted baryon, and the total heating power is L h ≈ (6.6−9.0)×10 33Ṁ /(10 −10 M ⊙ yr −1 ) erg s −1 , whereṀ is the mass accretion rate. The main energy release is produced by pycnonuclear reactions at ρ ∼ (10 12 −10 13 ) g cm −3 (several hundred meters below the surface). The heat is spread over the neutron star by thermal conduction and radiated away by emission of photons from the surface and neutrinos from the interior. Generally, the surface temperature depends on the internal structure of the star, and this gives a new method for studying the internal structure. Neutron stars in SXRTs are thermally inertial objects with thermal relaxation times ∼ 10 4 yr (Colpi et al. 2001) . Thus their internal temperatures T i (and hence their surface temperatures) are insensitive to the transient nature of the accretion rate. Accordingly, T i can be determined by solving the thermal balance equation (5) in the steady-state approximation: L ∞ h (Ṁ ) = L ∞ ν (T i ) + L ∞ γ , wherė M ≡ Ṁ is the time-averaged accretion rate and L ∞ γ is the quiescent thermal luminosity. A solution gives a heating curve -a relationship between the thermal luminosity L ∞ γ (Ṁ ) as a function of accretion rate, or, equivalently, T ∞ s (Ṁ ). The heating curves of accreting neutron stars are closely related to the cooling curves of isolated neutron stars (e.g., Colpi et al. 2001 ) since they are determined by essentially the same physics. The main difference is that the
